The toroidal precession of the well-circulating particles and particles that are passing toroidally but trapped poloidally is studied. Expressions for the precession frequency, which are convenient for practical use, are obtained and analyzed.
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I. INTRODUCTION
The toroidal precession in axisymmetric toroidal plasmas is the bounce/transit-time-averaged drift motion of the particles in the toroidal direction. Being associated with the toroidal drift, the precession is the most pronounced for the energetic particles. for the well-circulating particles. This implies that the effect of the drift motion on circulating particles strongly decreases the precession frequency and complicates its calculation. On the other hand, the precession of circulating particles is enhanced in high-β plasmas of spherical tori by the large Shafranov shift. 1 This considerably affects both the stability of the plasmas with circulating energetic ions and the transport of energetic ions in magnetohydrodynamically (MHD) active plasmas with high β.
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The toroidal precession of trapped particles is studied rather well (see, e.g., Ref. 3 , where a low-β plasma was considered, and Ref. 4 , where effects of high β were taken into account). The precession of circulating particles is studied much less, especially, in high-β plasmas. No papers are published on the precession of the particles passing toroidally but trapped poloidally ("semitrapped" particles), which may constitute a considerable fraction of an energetic ion population in a spherical torus. This motivated the fulfillment of the present work, where the precession of circulating and semi-trapped particles is studied.
The structure of the work is as follows. In Sec. II the precession of well-circulating particles with negligible magnetic moment is considered on the assumptions that the particle orbit width, ∆r b , is small (∆r b r, where r is the radial coordinate) and the plasma cross section is circular. The precession of similar particles moving in the near-axis region of a plasma with a non-circular cross section is studied in Sec. III. In addition, in this section the precession of near-axis circulating particles with arbitrary ∆r b /r and semi-trapped particles with the small magnetic moment is 2 considered. The summary and the conclusions drawn are presented in Sec. IV. Appendix A contains the derivation of a component of the magnetic field line curvature, which is required for the
According to Eq. (5), the toroidal motion consists of the motion along the field lines at a flux surface where the safety factor equals toq and the average drift motion with the frequency ω D , which we will refer to as the precession frequency. However, this definition of the precession frequency is not unique; e.g., it is possible to choose any other flux surface crossed by the particle during its orbital motion instead of the q =q surface as a reference surface. It is clear that the difference between the magnitudes of ω D defined in different ways can be considerable when the magnetic shear is not small and the orbit width is sufficiently large. However, different definitions of the precession frequency do not affect φ , which is the only important (for the plasma stability and the particle transport) quantity associated with the average particle motion in the toroidal direction.
Let us calculate ω D for the particles with the vanishing magnetic moment (µ = 0) in a plasma with a circular cross section. In this case the component κ ψ required to know v θ d can be written as follows, see Appendix A:
where = r/R 0 , R 0 is the radius of the magnetic axis, the radial coordinate r is defined by ψ(r) = B 0 r 2 /2 with B 0 the magnetic field at the magnetic axis, and R = R(r, θ) is the distance from the major axis of the torus. As shown in Appendix A, R(r, θ) is given by
where ∆(r) is the Shafranov shift, ∆ ≥ 0 with ∆(0) = 0, ∆ = d∆/dr. Note that this expression for R(r, θ) coincides with the corresponding expressions of Refs. 6,1 because the coordinates used in those works are equivalent to the Boozer coordinates in the considered approximation (see Appendix A for details).
The first and second terms in Eq. (7) describe the contribution to the curvature of the toroidal field and the poloidal field, respectively. The second term does not depend on plasma pressure 4 and takes into account that BR = const because of plasma paramagnetism. Therefore, we will refer to the contribution of this term to the precession as the "paramagnetic precession".
Using Eqs. (3) and (7), we write the poloidal contravariant component of the drift velocity as
where ρ = v/ω B . We consider circulating particles with narrow orbits. Therefore, we have 
Now we easily calculate the integral in Eq. (6) . Then, taking ω b = v/(qR 0 ), we obtain:
where
The derivatives of the Shafranov shift can be expressed in terms of plasma parameters as follows, see, e.g., Ref. 7 :
pol rdr is the internal inductance, B pol is the poloidal magnetic field, Using Eqs. (13) and (14), we write ξ as follows:
where 
One can see that plasma shaping has a considerable influence on the precession. First of all, it reduces v d (for given q) and the orbit width ∆ b by a factor of k, where k is the plasma elongation.
Therefore, the last term in Eq. (12) will be decreased by a factor of k 2 . The dependence of other terms on k is more complicated. The effect of plasma shaping on the precession is studied in the next section, where near-axis particles are considered.
III. PRECESSION OF CIRCULATING AND POLOIDALLY TRAPPED PARTICLES IN THE NEAR-AXIS REGION
A. Particles with narrow orbits in non-circular plasmas
In order to study the precession of the near-axis particles, it is convenient to use the following expansion of the magnetic field strength in a Taylor series (we restrict ourselves to second-order terms):
where α and σ are parameters. Equation (16) is valid for plasmas of any shape of the cross-section with up-down symmetry. It is based on the results of Refs. 8, 9 and was used to study the precession in Refs. (17) and (18) do not depend on the magnetic shear and non-parabolic pressure profiles, which implies that terms of higher order (in ) should be taken into account when the mentioned factors become important. Note that Eqs. (17) and (18) are obtained in Boozer coordinates; another choice of the poloidal angle θ may result in a modification of α and σ.
Equations (16)- (18) 
where λ = µB 0 /E with E the particle energy. As in the previous section, we consider circulating narrow-orbit particles, but in a non-circular plasma and with µ = 0. Substituting Eq. (19) in Eq. (6), we obtain:
We restrict ourselves to well-circulating particles, assuming that λ 
Equations (11), (16), and (21) yield:
and ω b0 = ω b (λ = 0) = v/(qR 0 ). Now, putting α and σ given by Eqs. (17) and (18) in Eq. (23),
we obtain:
Note that in the particular case of a shearless plasma with a circular cross section (k = 1, δ = 0)
Eq. (24) coincides with Eq. (15) for q = q 0 .
Equation (24) shows that the role of the paramagnetic precession grows with the plasma elongation, whereas the role of the diamagnetic precession drops. Therefore, ξ vanishes at certain k and becomes positive when k is large enough, in which case the paramagnetic precession dominates.
For instance, Eq. (24) yields ξ ≈ 0 for k = 2, q = 1, δR 0 /r = 0.8, α p = 1, and λ = 0. On the other hand, the diamagnetic precession overcomes the paramagnetic precession in high-β plasmas of spherical tori with moderate k and sufficiently peaked plasma pressure, which leads to |ξ| > 1 with ξ < 0. Taking, e.g.,
2 with a the plasma radius,
B. Particles with arbitrary orbit width
Above we applied the common procedure of calculating the particle precession frequency, which is based on the assumption that the ratio ∆r b /r is small. Below we will use another procedure, which will enable us to describe also the precession of particles in the near-axis region (r < ∼ ρ),
where ∆r b > ∼ r, i.e., we will consider particles with arbitrary orbit width. The analysis below is relevant to both circulating particles and the semi-trapped particles that have turning points in the poloidal cross section (whereθ = 0) and are characterized by small λ. Such semi-trapped particles do not change the sign of v in the course of their orbital motion; therefore, as we will see, the frequencies of their motion are described by the same formulae as those of the circulating particles. At the same time, as their orbits do not encircle the magnetic axis, θ = 0, which is of importance for their interaction with some electromagnetic perturbations. Note that the analysis below is restricted by the applicability of the approximation of B given by Eqs. (16)- (18) .
Considering energetic particles in a steady-state axisymmetric configuration, we neglect the electric field and choose the gauge for the electromagnetic field in the Boozer coordinates as 9 follows:
where A and Φ are the vector and scalar potentials of the electromagnetic field, respectively; ψ p is the poloidal magnetic flux.
The action-angle formalism provides a convenient way to calculate the frequencies of the particle motion. 11 The guiding-center Lagrangian 12 takes the following form in the action-angle variables (see, e.g., Ref.
13 for details):
whereθ andφ are specially defined poloidal and toroidal coordinates on the drift surfaces, respectively (canonical angles); 
where ω ϕ is the frequency of the toroidal motion, ω b is the bounce/transit frequency. Note that Eq. (28) is exact for given actions, and Eq. (27) is exact in the framework of the first-order Lagrangian (or Hamiltonian) guiding-center theory; therefore, hitherto we have used no assumptions on the orbit width, the aspect ratio etc.
Thus, we need to calculate J θ as a function of J ϕ , E, and µ. With this aim, we assume that
This ordering is relevant, in particular, to near-axis particles in a spherical torus with moderately high β. In addition, we assume that λ 1−λ, which means that the particles are well circulating in the sense that v is not close to zero anywhere on the particle orbits. Nevertheless, we do not demand that the orbits enclose the magnetic axis, allowing for poloidally trapped particles.
Using Eq. (16), we obtain
we can write the following asymptotic expression for J ϕ :
and
). Thus, in the coordinates (ξ, y) the particle orbits are ellipses with the center at the origin (to the considered order). Equation (27) takes the following form in these coordinates: 
Recalling that S is the interior of the ellipse described by Eq. (30), we obtain:
Finally, substituting Eq. (35) for J θ and Eq. (B20) for B ϕ (2) in Eq. (28) and taking into account
(because this quantity is the square of the ellipse S of the size ∼ ), we obtain
We observe that the frequencies given by Eqs. 
IV. SUMMARY AND CONCLUSIONS
We have considered the toroidal precession by using both the conventional approach applicable to particles with ∆ b r and the approach based on the action integrals and quasi-cartesian coordinates. The latter enabled us to consider near-axis well-circulating particles and semi-trapped particles [i.e., the particles that do not encircle the magnetic axis but do not change sgn(v ) during their motion] with small λ = µB 0 /E, which is especially important for the energetic ions with the large Larmor radius (e.g., in spherical tori). In addition, an analysis of equilibrium for a plasma with a non-circular cross section is carried out in the paraxial approximation. Due to this analysis, coefficients in a Taylor expansion of the magnetic field strength are found in terms of plasma characteristics. An expression for the radial component of the magnetic field line curvature (κ ψ ) is derived, taking into account the poloidal magnetic field, which is responsible for the paramagnetic precession. Finally, we obtained expressions for the precession frequency, which are convenient for the practical use.
A general conclusion which follows from our work is that the precession of the toroidally passing particles can strongly vary (0 ≤ |ξ| < ∼ R 0 /r, and ξ can be either positive or negative), depending on several factors. These factors are the plasma shaping and β, the aspect ratio R 0 /r, and the safety factor profile. Because of this, the effects of the precession of toroidally passing energetic 13 ions on plasma instabilities (the fishbone mode, sawtooth oscillations etc.) and the transport of the energetic ions in MHD-active plasmas are rather sensitive to specific experimental conditions.
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APPENDIX A: FIELD LINE CIRVATURE IN A CIRCULAR TOKAMAK
In this Appendix we calculate the field line curvature in an axisymmetric toroidal magnetic configuration with a circular cross section. We assume that ≡ r/R 0 1 and ∆β ≡ 8π∆p/B 2 0 ∼ 2 , where ∆p is the pressure variation in the considered region, which means that we consider either a large-aspect-ratio tokamak or the central part of a spherical torus with moderately high central β.
It follows from the force balance equation,
that the field line curvature, κ = ( b · ∇) b, can be found as follows:
As ∇ B ∼ ∇ ⊥ B, the second term in Eq. (A2) is 2 times smaller than the first one and will be neglected.
An axisymmetric magnetic field can be presented in the form
where the coordinate system (r, θ, ϕ) is taken so that the radial coordinate is constant on each flux
] is a function of r describing the plasma diamagnetism; e j and e j , j = r, θ, ϕ, are the corresponding co-and contravariant base vectors; g is the determinant of the metric tensor. Note that we do not assume in this Appendix that we use Boozer coordinates.
One can show that in a circular tokamak to main order in
where g rθ and g θθ are the corresponding components of the covariant metric tensor (see, e.g.,
Ref.
14 ). Then the poloidal component of the magnetic field, B pol , in a circular tokamak [which is described by the second term of Eq. (A3)] is constant over a flux surface to main order,
From Eqs. (A2), (A3), and (A5), the curvature is
Using Eqs. (A3)-(A5), we can write Eq. (A1) as follows:
8π dp dr
Comparing Eqs. (A6) and (A7), we find
Equation (7) immediately follows from Eq. (A8). The first and second terms of Eq. (A8) can be interpreted as the contributions of the toroidal and poloidal curvature of the field lines, respectively.
In particular, we recover from Eq. (A8) the following formula for the scalar curvature:
To find κ r from Eq. (A8) with the accuracy ∼ , which is required for calculating the precession, we need to determine ∂R/∂r with the same accuracy. It turns out that ∂R/∂r at this order depends on the choice of the poloidal angle. Taking into account that non-circularity effects appear only in the second order in a circular tokamak, we present the flux surfaces as follows:
where ∆ ∼ r, ϑ is the "geometrical" poloidal angle, θ is the poloidal angle of the chosen coordinate system, γ ∼ is the angle correction providing the desired properties of the coordinates. It follows from Eqs. (A10)-(A12) that the metric tensor determinant of the coordinates (r, θ, ϕ) is given by
Equation (B2) shows that in Boozer coordinates the product B 2 √ g does not depend on θ.
Then, using Eqs. (16) and (A13), we obtain
Equation (8) follows from Eqs. (A10), (A12), and (A14).
Another widely used coordinate system is the system of coordinates in which the toroidal angle φ is the "geometrical" angle and the poloidal angle is chosen so that the field lines are "straight", 
APPENDIX B: AXISYMMETRIC EQUILIBRIUM IN THE PARAXIAL
APPROXIMATION
The aim of the calculations presented in this Appendix is to obtain the parameters of a general plasma equilibrium with axial and up-down symmetries in the vicinity of the magnetic axis. The derivation employs a Taylor expansion of the plasma equilibrium in the radial coordinate, the ratio of the flux-surface radius to the other characteristic lengths being used as a small parameter. An advantage of this approach is its simplicity; that is why it was used for general three-dimensional configurations. 8, 16, 17 However, its serious drawback is that one has to get to high order in order to study any effects of the magnetic shear, non-parabolic pressure profiles etc. We use a modification of this approach for the Boozer flux coordinates, which was suggested in Ref. 18 (see also Ref. 19 ).
The contravariant and covariant representations of the magnetic field in Boozer coordinates have the form
where e θ ≡ ∂ r/∂θ and e ϕ ≡ ∂ r/∂ϕ are covariant base vectors, g is the determinant of the metric tensor, ι = q −1 . It follows from Eq. (B1) that
Following Ref. 18 , we write the spatial position of a point, r, as a function of the flux coordinates 
where l(ϕ) is the distance along the magnetic axis, dl/dϕ = |d r 0 /dϕ|, and the Frenet formulae 20 have been used to find the ϕ derivatives of the Frenet unit vectors.
It is also assumed that 
ι(ψ) = ι (0) + ι (2) 
with the Fourier spectra of (B −2 ) (i) (θ) and B ψ(i) (θ) obeying the same rules as those of X (i) (θ).
Using relationships between the Fourier harmonics of B and B ψ , 18 one can show that B ψ(0) = 0 in axisymmetric configurations.
To find the parameters of the equilibrium, we put Eqs. 
The ε 0 order of Eq. (B15) yields:
hence, B ϕ(0) = B (0) R 0 . Using Eq. (B17), we present the equationˆ τ · Ξ (0) = 0 in the form
